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1. Introduction 



Let G be a connected reductive algebraic group over a number field F, and let (tt, V^-) 
be a cuspidal automorphic representation of G(A F ). Let H be an algebraic F-subgroup of 
G, and let x De an automorphic character of H(A F ). We say that ir has a non- vanishing 
(H, x)-period if the functional 



is nonzero, where [H] := H(F)\H(A F ) or sometimes [H] := Z G (A F )H(F)\H(A F ). Let 
us now suppose that we are in an arithmetic situation, in as much as that we can talk of 
the automorphic representation °"7r for any a £ Aut(C). For example, if it is a cohomo- 
logical cuspidal automorphic representation of GL n (Ai?) then, by a result of Clozel (see 
Theorem 12.51 below), we know that so is a ir. In this paper we study, mostly by the way of 
presenting a lot of examples, the dictum: ir has a non-vanishing (H,x)-period if and only 
if a ir has a non-vanishing (H, a x) -period. It is this dictum that we call 'arithmeticity for 
periods of automorphic forms.' 

Let us remind the reader that automorphisms of C, with the exceptions of the identity 
automorphism and complex-conjugation, are discontinuous; in particular, it is almost never 
the case that a(£ x ((j))) = £ aox (a((p)). So one cannot naively take the a inside the integral 
sign. In every example that we study, the dictum holds, and the argument is always indirect 
via some characterization of existence of such periods. 

Let us also observe at the outset that the problem is a distinctly global problem. The 
corresponding local problem, at any finite place v, is trivial: if ir v is (H v , ^^-distinguished, 
i.e., there exists a nonzero functional I : tt v — > C such that £(ir v (h)v) = Xv(h)£(v) for all 
h G H(F V ). For any a £ Aut(C), it is easy to see that a o £ gives a (H Vl "^-distinguishing 
functional for the conjugated representation a -K v . 

The above local observation says that the problem of arithmeticity of automorphic periods 
is a consequence of a positive solution of the classical local-to-global problem: 'If r is an 
automorphic representation, and suppose at every place v, t v is (H v , XiO-distinguished, then 
does r have a nonzero global (H, x)-period?' Here, take r to be a Tr. 
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Given a cuspidal automorphic representation tt of G(A), and a c E Aut(C) we need to 
discuss when the representation "tt makes sense. This will be possible when the representa- 
tion tt contributes to the cohomology of a locally symmetric space of G with coefficients in 
a sheaf attached to a finite-dimensional coefficient system. In Section [2] we briefly discuss 
the appropriate cohomological preliminaries needed to talk about the Galois-conjugated 
representation "tt. 

In Section O we begin by looking at two of the easiest nontrivial examples when the 
ambient group G = GL2/L 1 . In particular, in the GL2 context we look at the question 
of arithmeticity for Whittaker periods which boils down to every cuspidal automorphic 
representation being globally generic and that the space of cuspidal cohomology having a 
rational structure; indeed, the same ingredients give arithmeticity for Whittaker periods 
when G = GL n /L. The other GL2 example we analyze is (GLi, x)-periods for Hecke 
characters \\ here, arithmeticity is a consequence of Hecke and Jacquet-Langlands Mellin 
transforms and Manin's and Shimura's classical algebraicity results on the critical values of 
L-functions for GL2. 

In the rest of the paper we analyze the following situations for arithmeticity problems, 
which are various generalizations of the GL2 cases considered in Section O 

(1) Shalika period integrals for representations of GL2 n - See Theorem 14.31 The nonva- 
nishing of Shalika period integrals is characterized in terms of functorial transfers 
from GSpin(2n + I). 

(2) GL(n)/.F-periods for representations of GL(n)/E, for a quadratic extension E/F. 
See Theorem 15.31 The nonvanishing of such period integrals is characterized in 
terms of functorial transfers from the unitary groups U(n). 

(3) GL(n— I)-periods for representations of GL(ra) x GL(n — 1). See Theorem l6.Il These 
are the Gross-Prasad periods for the general linear groups. 

(4) GL(ra) x GL(n)-periods for representations of GL(2n) over a totally real field. 

(5) Whittaker periods for classical groups, especially SO(2n + f). See Theorem 19.11 

(6) Gross-Prasad periods for classical groups, especially U(n). 

It is clear that these examples are pointing toward some general motivic interpretation 
of period integrals. Automorphic representations with a nonzero (H, x)-period are usually 
characterized in terms of functorial transfers and/or in terms of some L- function attached 
to tt having a pole or (not having) a zero at a certain point. In terms of L-values, the 
situation is very similar to a conjecture of Gross on motivic L-functions; see [U Conjecture 
2.7 (ii)]. This says that for a critical motive M, the order of vanishing of the critical L- value 
L(a, M, 0) is independent of the conjugating automorphism a. In our situation, suppose tt 
corresponds to a motive, and suppose having a non- vanishing (H, x)-period corresponds to 
the (non-)vanishing of an L-value attached to tt which happens to be a critical L- value, then 
Gross's conjecture would predict the validity of the dictum. For example, the situation in 
(3), respectively (4), above exactly ties up with critical L-values of the underlying Rankin- 
Selberg L-function, respectively the standard L-function. 
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2. Some cohomological preliminaries 

We will often talk about a 'cohomological cuspidal automorphic representation'. In this 
section, we will briefly review its definition and discuss some of its very basic properties 
that we need later. 

Let G/Q be a connected split reductive algebraic group over Q and Z/Q the center of G 
and let S be the maximal Q-split torus in Z. Let Gqo be a maximal compact subgroup of 
G(R) and let = G 00 S'(1R). The connected component of the identity of K^, is denoted 
K^. For any open-compact subgroup Kj C G(Af) define the space 

S% := G(q)\G(A)/K^K f . 

Let fi E X + (T) be a dominant integral weight and be the algebraic irreducible rep- 
resentation of G(C) with highest weight \i. Let £ M be the associated sheaf on . We are 
interested in the sheaf cohomology groups 

on which there is a natural action of a suitable Hecke algebra. 

We can compute the above sheaf cohomology via the de Rham complex, and then rein- 
terpreting the de Rham complex in terms of the complex computing relative Lie algebra 
cohomology, we get the isomorphism: 

The inclusion G~ sp (G(Q)\G(A)) ^ G°°(G(Q)\G(A)) of the space of smooth cusp forms in 
the space of all smooth functions induces, via well-known results of Borel [5J, an injection 
in cohomology; this defines cuspidal cohomology: 

H'iS^S^) H'( Soo , K^; C°°(G(Q)\G(A)) K f ® 

ffc'uspOSf,^) -ff'( 0oo ,^;G- p (G(Q)\G(A))^/®^) 

Using the usual decomposition of the space of cusp forms into a direct sum of cuspidal 
automorphic representations, we get the following fundamental decomposition 

(2.1) ffc'uspC^/'^) = ©#"(floo,lC; Hoc ®E„) ®Ilf f 

n 

of Tro(Goo) x G c 00 (G(A / )//A" / )-modules. 



-1 



WEE TECK GAN AND A. RAGHURAM 



We say that IT is a cohomological cuspidal automorphic representation if II has a nonzero 
contribution to the above decomposition for some \i and some Kf. Equivalently, if II is a 
cuspidal automorphic representation whose representation at infinity IIoo after twisting by 
E„ has nontrivial relative Lie algebra cohomology. In this situation, we write II € Coh(G, //), 
suppressing the level structure Kf. 

One may consider cohomology with compact supports iT*(S^ Inner cohomology is 

defined as the image of compactly supported cohomology in global cohomology: 

It is a fundamental fact (which comes from analyzing the long-exact sequence arising from 
the Borel-Serre compactification; see, for example, Schwermer [40J) that 

( 2 - 2 ) H cusp( S K f ^fJ.) c H'(S Kf ,£ IJl ). 

On the other hand, since any compactly supported function is square integrable, we also 
have that inner cohomology sits inside those cohomology classes which are represented by 
square-integrable automorphic forms, i.e. 

(2-3) H^ t ,S„)<zHl %) {S^ t ,S„). 

Let us now briefly recall the action of Aut(C) on algebraic cuspidal representations II of 
G(Ap). (For more details, see Clozel [6].) Suppose IT = LToo ® Uf be the decomposition of 
IT into its infinite and finite parts. Let W be the representation space of the finite part Uf. 
Choose any cr-linear isomorphism t : W — > W , and define the representation a Hf by 

°Il f (g f )=toIL f (g f )ot- 1 . 

Up to equivalence of representations, the definition of a Tlf is independent of the choices W 
and t. Next, suppose = (E^esr^, IIt> ; here Soo is the set of infinite places of F. Suppose 
F is totally real, then S*^ may be identified with the set of all embeddings of F into C 
(indeed, into R), and we define 

^ILjo = <g> 1 , G , S ' oo IL J .-i cn ,. 

The definition of <T n oo when F is any number field is a little more involved, and we refer the 
reader to Clozel [U Definition 3.6 on p. 107]. Putting the finite and infinite parts together, 
we have: 

It is, a priori, only an abstract irreducible representation of the adelic group G(Ap). How- 
ever, we have: 

Proposition 2.4. Suppose that it is a cohomological cuspidal automorphic representation of 
G(Ap). Then for any a 6 Aut(C), there exists an automorphic representation r a appearing 
in the automorphic discrete spectrum of G(Ap) such that °"7Tj = r a t. 

Proof. By assumption, 7rj appears as a Hecke-summand in H' ' . Since inner cohomology 
is sheaf-theoretically and hence rationally defined, we deduce by (|2.2p and (I2.3P that "Vj 
appears in H* and hence in H' 2 ^(S^ , 8^). This proves the proposition. □ 
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When G = GL(ra), one has the following stronger result: 

Theorem 2.5. If U is a cohomological cuspidal automorphic representation o/GL n (Aj?), 
then for any a £ Aut(C) the representation a H is also a cohomological cuspidal automorphic 
representation o/GL n (Air). 

In the classical situation of Hilbert modular forms see Shimura [431 Section 2] . For repre- 
sentations of GL/2, see Harder [20] and Waldspurger [46], and more generally, for GL„(Af) 
see Clozel [6l Theoreme 3.13]. In Section [8j we shall consider the possibility of a similar 
strengthening of Proposition 12.41 for the classical groups. 

3. The GL 2 -examples 

Let us, for the sake of simplicity, take G = GL2/Q, although everything discussed in this 
section works for GL2 over any number field. 

3.1. Whittaker periods. For the subgroup H we take 

i.e., U is the unipotent radical of the standard Borel subgroup of upper triangular matrices 
in G. Fix a nontrivial additive character ip : Q\A — > C x . Then, as usual, ip gives a character 
ip : J7(Q)\[/(A) — > C x by ip (J f) = ip(x). Using the same symbol ip for both the characters 
will cause no confusion. In this situation, the linear functional defined in ([l.ljl is called 
a global Whittaker functional. 

Given a cuspidal automorphic representation (ir, V n ) of GL2(A) we can define for each 
<j) £ V n the associated Whittaker vector 

(3.1) WJg) := f ^(ug)^(u)- 1 du. 



Observe that W<f,(l) = ^(0). Using the action of GL 2 (A) we see that 7^ for some 

<j) if and only if 7^ for some <j). A fundamental fact at the heart of the GL 2 -theory of 
automorphic forms is that determines <f>. (See, for example, [TJ Lecture 4, Section 1].) 
Indeed we have a Fourier expansion of the form 

(3.2) m = y. w *((o 

In particular, every cuspidal automorphic representation has a nonvanishing Whittaker 
period. 

Now let us suppose that ir is a cohomological cuspidal automorphic representation of 
GL2(A), and in particular, tt has nonvanishing Whittaker periods. For any a G Aut(C) 
Theorem 12.51 savs that CT 7r is also a (cohomological) cuspidal automorphic representation of 
GL2(A). Hence, by the above discussion once again, "tt also has nonvanishing Whittaker 
periods, i.e, we have arithmeticity for Whittaker periods for GL2. 

The main ingredients in arithmeticity for Whittaker periods are (|3.2|) and Theorem 12.51 
Both these ingredients, which are nontrivial assertions, are valid for GL n /F over any number 
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field F after suitable modification; for example, the Fourier expansion takes the form: 

(3.3) m = £ w A(l 1)9 

(See, for example, [5 loc.cit.].) Hence we get arithmeticity for Whittaker periods for GL n /F. 
In Section [9]we consider the case of classical groups, especially split S0(2n + 1), where the 
analysis is far more complicated. 

Reverting to GL2/Q, let us go through the analysis for arithmeticity for Whittaker periods 
in the classical context of modular forms. Fix a positive integer N and consider the space 
Sk{N) consisting of all holomoprhic cusp forms of weight k on the upper half plane for the 
discrete subgroup T\(N) of SL2QR). A cuspform 93 G Sk(N) has a Fourier expansion 



n=l 

Now define Sk(N,Q) to be the Q-subspace of the C- vector space Sk(N) consisting of all ip 
such that a n (ip) G Q for all n > 1. One has the following nontrivial fact: 

(3.4) S k (N) = S k (N,q)® Q C. 

(See, for example, Shimura [44 \ Theorem 3.52].) This may be stated as the fact that the 
space of cusp forms of weight k and level ./V has a basis of cusp forms all of whose Fourier 
coefficients are in Q. Indeed, there is a deeper integrality statement which says that the 
above is true with Z instead of Q; however, for our purposes, a Q-basis is sufficient. Let us 
note that (13. 4p is the classical analogue of the statement (see Clozel j6j Theoreme 3.19]) that 
cuspidal cohomology for GL n /F admits a suitable rational structure. Now, given tp € Sk(N) 
and a € Aut(C) we can define a function a (p via a ^-expansion. 



00 

71=1 



It follows from fj3.4|) that a <p G Sj-(N). This is the classical analogue of Theorem 
Arithmeticity for Whittaker models takes the form: 

a n { V ) + => a„CV) + 0, 

which is built into the definition of the Galois conjugate a ip. The depth of the phenomenon 
lies in the rationality statement in ()3.4p . 

3.2. GLi-periods. We continue with G = GL2/Q and now we take 

H = \(l M : xeG m l ~GLl 



x 1 / 

Take a Hecke character x '■ Q X \A X — > C x , which gives a character \ '■ H(Q)\H(A) — > C x 
by 

X ( 1 ) — x( x )- Using the same symbol x f° r both the characters will cause no confusion. 
Consider a cuspidal automorphic representation ir of GL2(A). Suppose there is a <f) G 
such that 

*xfa) = / ))x(x)dx + 0. 
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To analyze these integrals, and to relate them to L- values, following Jacquet-Langlands 
[23j . fix a nontrivial additive character ip as in the previous subsection and consider the 
Whittaker model W(ir) = W(ir, ip) of n. Let the cusp form 4> correspond to € W(tt) 
where W<f, is defined in (|3.ip . Then for a complex variable s such that 9?(s) S> the classical 
unfolding argument gives: 

Denote the zeta integral on the right hand side by Z(s, W^, x), and note that all the ingre- 
dients in that integral are factorizable. Changing notation if necessary, there is a cusp form 
<p so that l x (4>) ^ and the associated Whittaker vector is a pure-tensor = <8>W P . 
Outside a finite set of primes S containing the infinite prime and all the primes where it or x 
is ramified, one knows that W p is the spherical vector and the local zeta-integral computes 
the local L-function: 

Z(s,W p ,Xp) = I x W p[[ i ) ) Xp{xp)\xp\pdx p = L(s,ir p ®Xp)- 
Let L (s, 7T (g> x) '■= Yip^s -^p( s > % ® Xp) denote the partial L-function. So far we have: 

t{sAiX) = Z(s,W 4nX )= (r[Z(s,W p ,Xp) \ -L^s^^x)- 
Now multiply and divide the right hand side by the local L-factors at p € S to get: 

(3-5) ^^=\U r Z i S,Wp L XP \ ) «*) 

The integral £(s, (f>, X ) converges for all s since <f> is rapidly decreasing. On the right hand 
side, one knows from Jacquet-Langlands that each of the ratios Z(s, W p , Xp )/L p (s, ir p <S>Xp)i 
a priori defined only for 3> 0, in fact have an analytic continuation to all of s (see, 
for example, [14, Theorem 6.12 (ii)]), and that the completed L-function L(s,ir <g> x) is an 
entire function of s (see, for example, [14, Theorem 6.18]). 

We can now prove the following characterization of existence of (GLi, x)-periods and 
nonvanishing of a certain L-value: 

Proposition 3.6. Let ir be a cuspidal automorphic representation of GL2(A) ; and x a 
Hecke character o/Q. Then, the following are equivalent: 

(1) There exists a cusp form (j) £ such that ^ x (</>) 7^ 0. 

(2) L(i,vr® X ) ^0. 

Proof. For (i) (ii), put s = 1/2 in (|3.5p to get: 

0?£ x (<f>) =r-L(\,ir®x) 

where r is an ad-hoc notation for the product Ilpes Z{\, W p , x P )/L p (^,7r p <X> X p)- Hence the 
right hand side is not zero. 
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For (ii) => (i), given L(^,tt <8> x) 0) to construct a cusp form cj) with non-vanishing 
period, we construct the associated Whittaker vector as a pure-tensor. Outside a finite 
set S as above, take Wp to be the normalized spherical vector. For places in S, given any 
so (for us so = 1/2), we are always guaranteed the existence of a Whittaker vector W p such 
that the ratio Z p (s , W p , x p )/L(s , tt p <g> x P ) / 0. See [14, (6.29)]. (Note: Indeed, for GL 2 
there is a W p for each place p so that the local zeta integral computes the local L-factor, 
and so the ratio is in fact 1. We deliberately stated it in a weaker form of just nonvanishing 
of that ratio as that is the way it will generalize to GL n x GL n __i.) Now put all the local 
Whittaker vectors to get a global Whittaker vector, and take 4> to be the associated cusp 
form. The proof follows again from f)3.5j) at s = 1/2. □ 

Remark 3.7. Observe that it is possible for L(^,tt ® \) and yet Lf(^,TT g) x) = 0. 
(We use L(s, . . . ) for the completed L-function, and Lj(s, . . . ) for the finite part.) Such a 
phenomenon will happen when the infinite part L O0 (s, tt <g> x) has a pole at s = 1/2. Here is 
an easy example: Let A £ Si2(SL2(Z)) be the Ramanujan A-function which is a weight 12 
cusp form of full level. Let tt := vr(A) <g> | |~ 6 and take x to be the trivial character. (For us, 
cuspidal automorphic representations need not be unitary, and indeed, tt is not unitary.) 
Anyway, let L(s, tt) be the Jacquet-Langlands L-function, and L(s, A) be the classical Hecke 
L-function; then L(s,tt) = L(s — 6,7r(A)) = L(s — 1/2, A). Using the classical functional 
equation L(s, A) = L(12 — s, A) we get 

L(i,vr) = L(0,A) = L(12,A) + 0, 

The L-factor at infinity is given by: 

£oo(s,7Too) = L 00 (s-6,vr(A) 00 ) = 2 (27tT s+ 2 T (s - \) 

(For the last equation, see, for example, |38|, 4.4]; the presence of an additional factor of 2 
makes no difference to the discussion at hand.) Hence, L 00 (s,7r 00 ) has a pole at s = 1/2, in 
other words, nonvanishing of the global L-function at a (seemingly interesting) point does 
not guarantee that that point is a critical point. 

Now, given a cuspidal representation tt as above with a nonvanishing (GLi, x)-period, 
and consequently with L(^,tt <8> x) 7^ 0, we want to analyze the dictum of arithmeticity, 
whence we take tt to be of cohomological type. But, even if tt is of cohomological type 
and with L(l/2,7r (g> x) 7^ does not guarantee that s = 1/2 is a critical value. The same 
counterexample as in the above remark will work for this. Henceforth, we assume in addition 
that s = 1/2 is a critical point; i.e., by definition, L oq (s,tt x) and L 00 (s,tt v <g> x _1 ) are 
regular at s = 1/2. Since local L-values are always nonzero, under the additional assumption 
of criticality of s = 1/2, we get 

(3.8) L(i,vr®x)/0 L f $,ir ® X ) 0- 

Now one can prove arithmeticity, for which we need the following algebraicity theorem due 
to Manin |33| in certain special cases, and more generally due to Shimura [42J; for the 
version stated below, see [38] . 

Proposition 3.9. Let tt be a cohomological cuspidal automorphic representation o/GL2(A). 
There exists two nonzero complex number p^{tt) such that if s = \ is critical then for any 



algebraic Hecke character x, o,nd any a G Aut(C) we have 



a 



p ex (^)Q(x)(^) do ° j P ex (^)G( a X)(^i) 



where Q{x) is the Gaufi sum attached to x, e \ ^ s a s *# n keeping track of the parity of x, and 
doo is an integer determined entirely by n^. (For more details see [38\.) 

A trivial corollary to the above deep proposition is that 

(3.10) L f (l,v®x)^0 L f (±,°7r®°x)^0- 

The reader should compare this with Gross's conjecture mentioned in the introduction. 

Theorem 3.11 (Arithmeticity for (GLi, x)-periods for GL2). Let ir be a cohomological cus- 
pidal automorphic representation o/GL2(Aq). Suppose that ir has a nonvanishing (GLi,x)- 
period for an algebraic Hecke character of Q. Suppose, further, that s = 1/2 is a critical 
point for the L-function L(s,ir <S> x)- Then a ir has a nonvanishing (GLi, a x) -period. 

Proof. Follows from Proposition 13.61 (|3.8p and f|3. 10|) . □ 

Before closing this section, let us note that the above discussion is equivalent to taking: 

G = GL 2 x GLi, and H = AGLi := | (x, ( J J jj : x G GLi 

It is from this perspective that it generalizes readily to the context of GL n and GL n _i which 
we discuss in Section [6l 

4. Arithmeticity of Shalika models for GL 2n 

In the remainder of the paper, we shall consider various generalizations of the results 
in the previous section. We will now define the notion of a Shalika model of a cuspidal 
automorphic representation II of GL2 n (A) where A is the adele ring of a number field F; 
this particular situation was our original motivation to consider arithmeticity questions for 
periods. Let 



S :-- 



h 0W1 X 
h J [ 1 



h G GL n 
X G M n 



C GLon — : G. 



It is traditional to call S the Shalika subgroup of G. A characters r/ : F X \A X — > C x and a 
character ip : F\A — > C x can be extended to a character of <S(A): 

h)(l *)^(r}®Ws)--=v(det(hmTr(X)). 

We will also denote r/(s) = rj(det(h)) and tp(s) = ijj(Tr{X)). For a cusp form ip G II, 
suppose r] n = can we can consider the integral 

S v M{g) ■= I (U(g) ■ ( p)(s) V - 1 (s)iP' 1 (s)ds, g G GL 2n (A). 

J Z a (A)S(F)\S(A) 

When n = 1, observe that S 1 ^ is simply the Whittaker period of GL(2), since 77 is forced to 
be the central character of II. 
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The following theorem, due to the works of many people (Jacquet-Shalika [25], Asgari- 
Shahidi OH], Hundley-Sayag [22]) gives a necessary and sufficient condition for <S^ to be 
non-zero. 

Theorem 4.1 (Shalika Models). LetTl be a cuspidal automorphic representation o/GL2n(Ai?). 
For a pair of characters (rj,i/j), the following are equivalent: 

(i) There is a cp € II and g G G(A) suc/i i/iai S r ^{(p){g) ^ 0. 

(ii) 5^ defines an injection of G (A) -modules 

(iii) Le£ S 1 6e any finite set of places containing Sji„. The twisted partial exterior square 
L- function 

L s (s, II, A 2 <g> 7?" 1 ) := ]J L(s, n„, A 2 ® r/" 1 ) 
/ias a poZe ai s = 1. 

(iv) II is the transfer of a globally generic cuspidal automorphic representation tt of 
GSpin 2ri _)_ 1 (A) whose central character uj n = r\. 

If II satisfies any one, and hence all, of the equivalent conditions of Theorem 14.11 then 
we say that II has an (j],ip) -Shalika model, and we call the isomorphic image S^(IT) of II 
under a global (rj, ip)-Shalika model of II. 

One has a local analog of Theorem 14.11 which is due to Jiang-Nien-Qin |26j : 

Theorem 4.2. Let v be a non-archimedean place of F and suppose that U v is a supercus- 
pidal representation of GLi2 n (F v ) with L-parameter <j) v . Then the following are equivalent: 

(i) n„ has a local (rj v ,ip v )- Shalika model. 

(ii) The local twisted exterior square L-function L(s, A 2 (p v <S> Vv 1 ) h- as a P°^ e at s = 0. 

(iii) The L-parameter <p v factors through the subgroup GSp 2n (C) with similitude charac- 
ter r\ v . 

To be honest, this theorem was shown in [26J only when j] v is trivial, but the methods 
of their proof can be extended to the case of general r\ v . Ideally, one would like to have the 
above theorem for discrete series representations. In this direction, we mention the paper 
[3D] of Kewat. 

Finally, here is the main result of this section: 

Theorem 4.3. (Arithmeticity of Shalika periods.) Let II be a cohomological cuspidal auto- 
morphic representation o/GL2 n (Aj?) which has an (rj,ip)- Shalika model. Assume that one 
of the following conditions holds: 

(1) The number field F is totally real; or 

(2) there is a finite place v where H v is super cuspidal. 

Then, for any a G Aut(C), °TI is a cohomological cuspidal automorphic representation with 
a ( a 77, tp)- Shalika model. 
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Proof. The proof, by the first author, is the content of the appendix of [18] : but for the sake 
of completeness we briefly sketch the proof. To begin, let us suppose that F is totally real. 

Since II has (77, ?/>)-Shalika model, it follows by Thm. 14.11 that L s (s,H, A 2 ® rj~ l ) has a 
pole at s = 1, and thus Il v = II ® rf~ . Now, we note the following: 

• By recent results of Asgari-Shahidi [3j 0] and Hundley-Sayag [22], II is a Lang- 
lands functorial transfer of a cuspidal representation of GSpin 2n+1 (A) with cen- 
tral character r/. Moreover, the lift is strong at the archimedean places, i.e., for 
each archimedean place, the L-parameter <p v of n„ factors through the dual group 
GSp 2n (C) of GSpin 2n+1 with similitude character r\ v . 

• For any a G Aut(C), 

CT n v = ff n®v\ 

and thus 

l s ( s , CT n ® a n ® v 1 ) = l s {s, CT n, s ym 2 ® v 1 ) • £ s («, CT n, a 2 ® v 1 ) 

has a pole at s = 1. 

To prove the theorem, we need to show that the Sym 2 L-function does not have a pole 
at s = 1. Suppose for the sake of contradiction that L (s, °TI, Sym 2 ® u i]~ l ) has a pole at 
s = l. Then by Asgari-Shahidi and Hundley-Sayag, one knows that °TI is a Langlands 
functorial transfer from a cuspidal representation of GSpin 2n (A) with central character °r/, 
and this lift is strong at the archimedean places. Since the archimedean components of 
°TI and "rj are, by definition, permutations of the archimedean components of II and ij, we 
deduce that for all archimedean places v, the L-parameter <j) v of IL factors through the dual 
group GS02n(C) of GSpin 2n with similitude character rj v . 

As a result, for each archimedean place v, the L-parameter cp v of IL preserves both a 
non-degenerate symmetric bilinear form b\ and a non-degenerate skew-symmetric bilinear 
form 62 on C 2n up to the same similitude character rj v . However, since Il v is cohomological, 
for a real place v, it follows from an explicit description of cohomological representations of 
GL 2n (M), see for example [18,, (3.4.1)], that (j) v is a direct sum of (2-dimensional) irreducible 
representations <j>i %v of the Weil group Wf v , and each <f>i iV is not a twist of another <j>j jV . 
This shows that b\ and 62 must remain non-degenerate when restricted to each (f>i v . This 
gives two TV^-equivariant isomorphisms (j)J v = 4>i,v (^Vv 1 - Since <f>i )V is irreducible, this 
contradicts Schur's lemma. 

Next, suppose that v is a finite place for which n„ is supercuspidal. Then essentially the 
same argument as above goes through. Firstly, by Theorem 14.2] the hypothesis that n„ has 
a (rj v , ?/>u)-Shalika period implies that the L-parameter cp v of factors through GSp 2n (C) 
with similitude character r/ v and is an irreducible 2n-dimensional representation of the Weil 
group Wf v . A result of Henniart [21] 7.4] then says that the L-parameter of °TL differs 
from °~(f> v by the (at most quadratic) character x 1— > cr(|x| 1//2 )/|x| 1//2 . But such a twist does 
not affect irreducibility of the parameter <p v , or the type (symplectic or orthogonal) of an 
essentially self-dual parameter. Thus the result follows. □ 

Remark 4.4. The hypothesis that F is totally real (or that n has a supercuspidal local 
component) is rather artificial. One expects the arithmeticity result to hold even without 
this hypothesis, however, the above proof would not go through. Suppose, for example, F is 



12 



WEE TECK GAN AND A. RAGHURAM 



an imaginary quadratic extension, then we need to consider cohomological representations 
of GL2n(C). For the infinite place v, the parameter of the representation II,;, which is a 
2n-dimensional representation of Wq = C x , is of the form: 

In 

i=i 

(Here the aj and bj are half-integers; see Clozel [6j p. 112].) If II has a Shalika model, then 
the image of the Langlands parameter <j) v is inside a split torus in Sp(2n, C). But this split 
torus may also be viewed as sitting inside SO(2n, C). Hence, from information of = n„ 
it is not possible to deduce that the parameter of a H v is not of orthogonal type. 

Remark 4.5. The proof of Theorem 14.31 amounts to showing that 

L s (s, n, A 2 <g> r]^ 1 ) has a pole at s = 1 => L s (s, a U, A 2 <g> a r]~ 1 ) has a pole at s = 1 
under the conditions in theorem. The same proof shows that when F is totally real, 
L (s, n, Sym 2 (g) r/ _1 ) has a pole at s = 1 ==> L (s, CT n, Sym 2 ® CT ^ _1 ) has a pole at s = 1 
when n is cuspidal cohomological. 



5. ARITHMETICITY OF GL(n)/F-PERIODS FOR REPRESENTATIONS OF GL(n) / E 

The argument of the previous section can be applied to prove the arithmeticity of GL n {F)- 
period for representations of GL n (S), where E is a quadratic extension of F. 

More precisely, let c be the nontrivial element in G&l(E/F) and let uj^/p be the quadratic 
Hecke character associated to E/F by global class field theory. Let x be a Hecke character 
of whose restriction to A F is equal to uje/f- Then for e = ±, we set 

Jl, if e = +; e Jlife = +; 

"E/F = < ., X = < ., 

For a cuspidal representation n of GL n (AE) and e = ±, we shall consider the period 
integral 

= / ^).w| /F (det(/i))dh 

iZ F (A F )GL n (F)\GL„(A F ) 

where 93 € n. For the period integral V e to have a chance to be nonvanishing, it is neces- 
sary that the central character wn of n is equal to (uj e E ^ F ) n when restricted to the center 

Zp(Ap) = A* of GL n (A F ). 

Associated to II is a pair of partial L-functions L s (s, H, Asai ± ), known as the Asai ± (or 
twisted tensor) L- function (see [13], Section 7]). One has 

L s (s, n, Asai") = L s (s, II ®x, Asai + ) 

and 

L s (s,U x n c ) = L s (s,U, Asai+) • L s (s, U, Asai") 
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where c acts on the representations of GL n (Ae) by 

U c (g)=U(c(g)). 

The following theorem is a consequence of the works of many people (Kim-Krishnamurthy 
[3HE2], Flicker [101 Q3], Ginzburg-Rallis-Soudry [15]). 

Theorem 5.1. For a cuspidal automorphic representation II of GL n (Ae) , the following are 
equivalent: 

(i) There is a ip € II such that V e ((p) ^ 0. 

(ii) For a sufficiently large finite set S of places of F , the partial Asai e L-function 
L s (s,Tl, Asai e ) has a pole at s = 1. 

(iii) II ® x 6 '^ 1 ^ 1 1 is the transfer (standard base change) of a globally generic cuspidal 
automorphic representation n of the quasi-split U n ( 



One has a local analog of the above global theorem, which is due to the works of many 
people (A. Kable [28J, Anandavardhanan-Kable-Tandon [1], N. Matringe [34"1 135] ) : 

Theorem 5.2. Let v be a non-archimedean place of F which is inert in E and let H v be a 
generic representation ofGL n {E v ). Then the following are equivalent: 

(i) rLj is (GL n (F v ) , u e E , p ) -distinguished. 

(ii) The local Asai L-function L(s, ILj, Asai e ) has an "exceptional" pole at s = 0. 

(iii) The L-parameter <j> v of Tl v is conjugate-self-dual with sign e (in the sense of [131 
Section 3] ). 

Observe that this local theorem is more definitive than Theorem 14.21 which is its analog 
for Shalika periods. In any case, in analogy with Theorem l4.31 one has the following theorem. 

Theorem 5.3. Let Ii be a cohomological cuspidal automorphic representation of GL u (Ae) 
which is globally distinguished by (GL n (Ajr), u) e E , F ). Assume that one of the following con- 
ditions hold: 

(1) n is odd; or 

(2) the number field E is totally real (and hence so is F); or 

(3) there is a finite place v of F which is inert in E where Ii v is discrete series. 
Then, for any a G Aut(C), °TI is a cohomological cuspidal representation which is globally 
distinguished by {GL n {Ap) } co e E ^ F ). 

Proof. This is similar to the proof of Theorem 14.31 exploiting Theorems 15.11 and 15. 2\ 
II is globally distinguished by (GL n (AF),ui e E , F ) 
=^>L s (s, II, Asai e ) has a pole at s = 1 

=^n c ^ n v 

=>Lf (s^II x CT n c ) has a pole at s = 1 

=>L s '(s, <J n, Asai + ) or L s (s, a U, Asai - ) has a pole at s = 1 
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Suppose that L (s, a H, Asai e ) has a pole at s = 1, rather than L s (s, a H, Asai e ), so that 
°TI is distinguished by (GL n (Ap), uj^ f ). We shall obtain a contradiction under one of the 
hypotheses (1), (2) or (3). 

Under hypothesis (1), so that n is odd, we note that the central character of II is equal 
to w e E jp when restricted to the center of GL n (Ai?), whereas that of °TI is equal to uip e , F . In 

particular, one restriction is the trivial character of A F whereas the other is the quadratic 
character oje/f- However, at all finite places, it is clear that the central characters of n„ 
and a H v have the same restriction to the center of GL n (F v ) since this restriction is at most 
a quadratic character. This gives the desired contradiction under hypothesis (1). 

The argument under hypothesis (2), where E is totally real, is similar as in the proof of 
Theorem HH 

Finally, assume hypothesis (3). For all finite places v of F, a U v is locally distinguished 
by (GL n (F v ), ip ) and so its L-parameter cp' v is conjugate-self-dual with sign — e. On the 
other hand, the L-parameter (j) v of n„ is conjugate self-dual of sign e. When n„ is discrete 
series, (j)' v = cr (j) v up to the quadratic character x \-t cr(|x|]^ 2 )/|x|]£ 2 of W E b v = E* . Observe 
that this character is trivial on F* , so it is conjugate orthogonal in the language of |13] , 
In particular, <p v and <j/ v are conjugate-self-dual of the same sign; this gives the desired 
contradiction when ILj is discrete series. 

□ 



6. Arithmeticity of GL n _i periods for cusp forms on GL n x GL n _i 

We consider a Gross-Prasad like situation, but for groups of type A n , which was studied 
by Gan, Gross and Prasad |13j . This context is a very nice generalization of the example 
in subsection 13.21 where we studied (GLi, x)-periods for representations of GL2. The non- 
vanishing of periods is equivalent to a certain central L-value being nonzero. If we further 
impose the condition that the central value is a critical value then an appropriate alge- 
braicity theorem for this critical value gives arithmeticity. The situation is analogous to 
Gross's conjecture concerning order of vanishing of critical motivic L- values as discussed in 
the introduction. 

Theorem 6.1. Let II be a cohomological cuspidal automorphic representation o/GL n (A), 
and say IT € Coh(GL n , /i). Here A is the adele ring o/Q. Similarly, let S G Coh(GL n _i, A). 
Suppose that II<g>X, as a representation of (GL n x GL n _i)(A), has a non-vanishing period 
with respect to the diagonally embedded subgroup GL n _i(A). Suppose further that the coef- 
ficient systems En and E\ satisfy: 

HomQL n _i {En ® E\, 1)^0. 

Then for any a G Aut(C), the representation °TI x CT S also has a non-vanishing period with 
respect to GL n _i(A) under the assumption that \36\ Hypothesis 3.10] holds. 

Proof. Every step of the proof is a suitable generalization of the proof of arithmeticity of 
(GLi,x) for representations of GL2 as in subsection 13.21 
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To begin, the generalization of Proposition 13.61 goes like this: II (g) £ as a representation 
of (GL n x GL n _i)(A) has a non-vanishing GL n _i(A) period if and only if L(^,II x S) / 0. 
This follows from using the integrals studied by Jacquet, Piatetskii-Shapiro and Shalika [23] 
as follows. For cusp forms <j) € Vjj and 4>' € Vs, define 

l{s,W) = [ <f> ( 9 ? ) <P'(g)\det(g)\ s -^ dg, 

JGL n _ 1 (Q)Z n _ 1 (A)\GL n _ 1 (A) V U 1 / 

where Z n _i is the center of GL n _i. Our assumption on II(g)£ is that £(5, <p, (f)') ^ for some 
and 0'. Let and W^' be the corresponding Whittaker vectors; we may and will take 4> 
and 4>' so that and are pure-tensors: W 7 ^ = ®W P and W^' = <g)W^. The unfolding 
argument gives £(s, (f>, (/)') = Z(s, W^, W^i) for !ft(s) 3> 0, where 



Z(s,W^W^)= I W+l 9 ? )TMs)|det (5)1^2^; 

JAT„_i(A)\GL n _i(A) V U 1 



1 



here -/V n _i is the subgroup of all upper triangular unipotent elements in GL n _i. The 
analogue of (|3.5p takes the form: 



(6-2) Us, 0, 00 = II • Hs, H ® E). 

Using [241 Theorem 2.7] we get that both sides and especially both the factors on the right 
hand side are entire functions. Evaluating at s = 1/2 gives 

(6.3) II <g) £ has a non-vanishing GL„_i(A) period L(i,II x E) / 0. 

Next, the hypothesis that II 6 Coh(GL n ,//) and E G Coh(GL n _i,A) puts us in an 
arithmetic context, however, this doesn't guarantee that s = \ is critical. With the foresight 
of wanting to appeal to algebraicity results, we impose the condition: 

It was observed by Kasten and Schmidt [291 Theorem 2.3] that this condition implies s = 1/2 
is critical for the Rankin-Selberg L-function L(s, II x E). The same condition is also needed 
for an algebraicity result for critical values due the second author; see [36] . We get the 
analogue of (|3.8|) which looks like 

(6.4) L(±,II<g>E)^0 L / (i,n<8)E)^0. 

Under an additional nonvanishing hypothesis involving only representations at infinity 
as in [36, Hypothesis 3.10], the main result of that paper, [36l Theorem 1.1], says that 

L f (i,nxE) \ L4n ff xE ff ) 



a 



where p e (II) and j/ 7 (E) are nonzero complex numbers, G{oj-£.) is the Gauss sum of the 
central character of E, and Poo(n, A) is a nonzero complex number determined by /i and A. 
The analogue of ()3.10|) follows easily: 

(6.5) L/(i,n®E)^0 L/(|, CT n® CT E) ^0. 
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Arithmeticity follows from first applying (16. 3p , (|6.4j) and (|6.5[) to II (8 X and then applying 



Remark 6.6. The hypothesis on the coefficient systems as in Theorem 16. 1\ which is itself 
a nonvanishing period like condition, is crucial for the methods of [36j to apply. Let us note 
that it is possible to have a pair of cohomological representations II and £ for which s = 1/2 
is critical but for which that condition on the coefficients is not satisfied. For example, take 
F = Q, n = 3, fj, = (0,0,0) and A = (1,-1); then is the trivial representation of GL3. 
Take II £ Coh(GL3, jj) and £ £ Coh(GL2, A). Then, we leave it to the reader to check that 
s = 1/2 is critical for L(s,II x £), but HomGL 2 (-E> ® E\, 1) = 0. Now in such a situation, 
suppose the representation II x £ of GL3 x GL2 has a nonvanishing GL2 period, then the 
above proof is not applicable; however, we still believe that one should have arithmeticity. 

Remark 6.7. In a certain work in progress [37], the second author is studying algebraicity 
theorems for critical values of L-functions for GL„ x GL n _i over any number field. This 
would then generalize Theorem 16.11 from Q to any number field. 

Remark 6.8. The assumption [36} Hypothesis 3.10] is a certain limitation of the technique 
used in that paper. We note that this hypothesis is of a purely local nature and depends 
only the representations IIoo and £oo at infinity. For n = 2 the validity of this hypothesis 
follows from an explicit calculculation; see [38]; it is this calculation that gives the term 
{27ti) d °° in Proposition 13.91 For n = 3 the validity of the hypothesis has been proved by 
Kasten and Schmidt |29j. 

7. Arithmeticity of GL n x GL n periods for cusp forms on GL 2n 

In this section, we discuss yet another generalization of the example in subsection 13.21 
where we studied (GLi, x)-periods for representations tt of GL2. Indeed, in that example, 
we could have carried through the entire discussion by replacing tt by tt <g> \ an d taking the 
trivial character of H = GL4 x GLi sitting as the diagonal torus in GL2. (This imposes the 
condition that the central character of tt ® % ls trivial.) 

Now we take G = GL2 n over a totally real number field F. Take H = GL n x GL n 
sitting as block diagonal matrices in G. Let tt be a cuspidal automorphic representation of 
G(Ap) which admits a Shalika model (the analogue of the triviality of the central character 
mentioned above). We would like to analyze arithmeticity for the periods: 



where [H] = Zg(&f)H(F)\H(Af). Arithmeticity in this context is follows from certain zeta 
integrals studied by Jacquet-Shalika [25J and Friedberg-Jacquet [12j . and an algebraicity 
result due to Grobner and the second author [18J. 

Theorem 7.1. Let tt be a cohomological cuspidal automorphic representation of Gh2 n (^F) 
where F is a totally real number field. Suppose that tt has a nonvanishing H -period. Further, 
assume that 

(1) tt admits a Shalika model, and that 

(2) the point s = \ is critical for L(s, tt). 




□ 




7T 
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Then for any a € Aut(C), the representation a ir also has a non-vanishing H-period. 

Proof. Again, we follow the proof of arithmeticity of (GLi,x) for representations of GL2 as 
in subsection 13.21 

To begin, for a cusp form 4> G V n define 

1 



H{F)Z 2 n(A F )\H(A F ) 



91 
g 2 



det(gi) 



det(g 2 



dgxdg 



2; 



where Z2 n is the center of GL2 n . Our assumption on ir is that £(^,(j)) 7^ for some cj). Let 
be the corresponding vector in the Shalika model of ir; as before, we may and will take 4> 

so that is a pure-tensor: = ®S p . (For details concerning Shalika models and related 

matters we refer the reader to |18| . and recommend that any serious reader of this section 

should have that paper by one's side.) 

An unfolding argument ( [IHl Proposition 3.1.5]) gives £(s,4>) = Z(s,S ( f ) ) where 

Z(s,S+)= [ sj 9 ° ) \det(g)\ s ~hg. 

J GL n (F)\GL n (A F ) V U 1 / 

The analogue of (|6.2p takes the form: 



(7.2) t M )= [uPr^ 

Using |18[ Proposition 3.3.1] we get that both sides and both factors on the right hand side 
are entire functions. Evaluating at s = 1/2 gives 

(7.3) 7T has a non-vanishing GL n (A^) period <^=^ L(A,7r)^0. 

Next, the hypothesis that ir £ Coh(GL n ,/i) puts us in an arithmetic context, however, as 
before, this doesn't guarantee that s = \ is critical. So, we now need the assumption that 
s = 2 is critical for L(s,U). (In the GL n x GL„_i case, we needed a stronger condition on 
the coefficient system, but in the current context [181 Proposition 6.3.1] guarantees that.) 
The analogue of (|6.4p looks like 

(7.4) L(l,n)^0 L f (l,7r)^Q. 

Under the assumption that ir G Coh(GL2 n) /■*) has a Shalika model, the algebraicity result 
in [181 Theorem 7.1.2] says 



a 



0J e x(n)g( X )uM ' ^ CT x(-vr)a( CT x)^oo(//)' 



where uo ex {it) is a nonzero complex number, Q{x) is the Gauss sum of an algebraic Hecke 
character x the parity of which determines e x , and Woo(aO ^ s a nonzero complex number 
determined by [i. The analogue of (|6.5p follows easily: 

(7.5) Mi^)/o LfHS^jkO. 

Arithmeticity follows from first applying (17. 3D . (17. 4p and ()7.5p to ir and then applying 
(EU) and d£3J to CT vr. □ 
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8. Arithmeticity for Classical Groups 

In this section, we consider the possibility of extending some of the results discussed 
above for GL(n) to the case of classical groups. By the recent work [2] of Arthur and 
others, one now has a classification of square-integrbale automorphic representations for 
quasi-split classical groups, in terms of automorphic representations of GL(n). In view 
of this, it is natural to ask if arithmeticity results for GL(n) can be transferred to these 
classical groups. 

More precisely, let G be a symplectic, special orthogonal or unitary group over the number 
field F and let tt be a cuspidal automorphic representation of G(Ap). By Arthur [2], one 
can attach a discrete ^4-parameter to tt and this is a multiplicity-free formal sum 

^ = UiMS ri ®---eu k ms rk , 

where Ilj is a cuspidal automorphic representation of GL(rtj) (over F or a quadratic ex- 
tension E) satisfying some symmetry conditions and S ri is the r^-dimensional irreducible 
representation of SL2(C). Moreover, the set of all 7r's with a given discrete A-parameter \& 
is a full near equivalence class in the automorphic discrete spectrum of G. If rj = 1 for all 
i, \I/ is called a tempered ^-parameter. 

Now suppose further that tt is cohomological. Recall from Proposition 12.41 that for any 
a G Aut(C), there is a square-integrable automorphic representation t ct of G(Ap) such that 

V/ - 

Note that, for fixed a € Aut(C), T a may not be uniquely determined, but any two such 
candidates are nearly equivalent to each other and thus have the same ^4-parameter. 

Now one may ask the following questions: 

(1) Does one have a generalization of Theorem 12.51 to the classical group G? In other 
words, can one take r CT to be CT 7r? If so, must a ix be cuspidal? 

(2) Suppose that the ^4-parameter of tt is 

* = rii m s ri © • • • e n fc m s n , 

are the Ilj's necessarily cohomological? 

(3) If the answer to (2) is yes, is the ^4-parameter of r a (or CT 7r if (1) has a positive 
answer) equal to 

= CT rii m s ri e • • • e a u k m s rk ? 

In the remainder of this section, we shall consider these questions for the split group 
SO(2n + l). 

Theorem 8.1. Let F be totally real. Let n be a cohomological cuspidal automorphic repre- 
sentation of the split SO(2n + 1) with a tempered A-parameter \P = IIi © • • • © 11^, so that 
each Hj is a cuspidal representation of GL(2nj) such that L (s,Hj, A 2 ) has a pole at s = 1. 
Then 

(i) Each Ilj is a cohomological cuspidal representation of GL(2nj). 
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(ii) For a € Aut(C), let r a be a square-integrable automorphic representation such that 
T a j = a Ttf. Then the A-parameter of r a is a *$> = °TIi © • • • © a Hk- Li particular, r CT is 
cuspidal and Ty j00 belongs to the same L-packet as <T 7r 00 . 

Proof, (i) For n as in the theorem, the near equivalence class of ir (i.e., the global A-packet) 
contains a globally generic cuspidal representation ttq (by Arthur [2J and Ginzburg-Rallis- 
Soudry [E]). In particular, the infinitesimal characters of iioo and tto :00 are equal and 
are integral and "strongly regular". Thus by Salamanca- Riba [39], we deduce that ttq is 
also cohomological. By Gotsbacher-Grobner [16} Proposition 18] (this is where we use 
the hypothesis that F is totally real), 7ro j0 o is a discrete series representation and has L- 
parameter of the form 

n 

t=i 

with a\ > a2 > ■ ■ ■ > a n > and each a\ G \ + Z. Here V(a) = IndJ^f(xa) with Xa{ z ) = 
[zjz) a = z 2a /\zz\ a . (See, for example, Gross-Reeder [191 Section 7].) This is also the 
L-parameter of ir^ since and 7ro j0 o belong to the same L-packet. 

With = III © • • • © Ilfc, the representations IT,- are regular algebraic; this follows from 
the description of discrete series parameter as above. It follows from Clozel (see the proof 
of [6l Theoreme 3.13]) that each Uj is a cohomological cuspidal representation of GL2 n ■ 
This proves (i). 

(ii) After (i), TLj makes sense; see Theorem 12.51 Hence we may consider the ^4-parameter 

a y = a u 1 ffl CT n 2 ffl • • • ffl ff n r 

of GL(2n). Note that, for isobaric sums to have nice rationality properties, we need suitable 
Tate-twists as in [61 Definition 1.10]. However, the parities of 2n and 2n,- being all even 
renders the Tate-twists irrelevant. We observe further that since has the property that 
the exterior square L-function has a pole, so does a Hj, as we observed in Remark 14. 51 Hence, 
a ^ is an A-parameter for SO(2n + 1) and gives rise to an associated near equivalence 
class of square-integrable automorphic representations. We would like to show that the 
representation r a is contained in this near equivalence class. 

To see this, it suffices to consider almost all places v of F where tt v is unramified. At 
such a place, it is easy to check that unramified local transfer from SO(2n + 1) to GL(2n) 
is Aut(C)-equivariant. Thus r CT is nearly equivalent to the representations in the A-packet 
associated to a ^f, as desired. It follows that r CTi00 and a iToo both belong to the L-packet 
with L-parameter CT Hi j00 © • • • © °TIfc j00 . Since "iioo is discrete series, so is r CT)00 and hence 
T a is necessarily cuspidal. □ 

Corollary 8.2. In the context of the theorem, suppose that ^ = U is a cuspidal repre- 
sentation of GL(2n). Then °~tt is a cohomological cuspidal automorphic representation of 
SO(2n + l). 

Proof. Under the hypothesis of the corollary, the A-packet associated to is stable, in the 
sense that every member of the abstract global A-packet is automorphic. In this case, one 
may replace r CT)0O by "tt^ and thus take r to be a ir. □ 
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Remark 8.3. The above proof of the theorem should work for a general classical group G 
over any number field F, as long as one has the analogue of [16, Proposition 18] for Cr(K) 
where K = R or C. Indeed, assuming (i) of the theorem, the proof of (ii) works in general, 
using Remark 14.51 for special orthogonal groups and the proof of Theorem 15.31 for unitary 
groups. 

9. Arithmeticity of periods for classical groups 

After Theorem 18. 11 it makes sense to consider the question of arithmeticity of periods for 
classical groups. We consider two examples here. 

9.1. Whittaker periods. One may consider the Whittaker period for classical groups. 
For simplicity, we shall again restrict to the case of SO(2n + 1). 

Theorem 9.1. Let F be a totally real number field, and let G = SO(2n + 1) be the split 
orthogonal group over F. Let ir be a cohomological cuspidal automorphic representation of 
G(Ap) which is globally generic. Then for any a £ Aut(C), the conjugated representation 
CT 7r is also a cohomological cuspidal automorphic representation of G(Ap) which is globally 
generic. 

Proof. Since tt is globally generic, it follows by [2] and [8] that the A-parameter ^ of tt is 
tempered. By Theorem 18.11 we know that °tt belongs to the global yl-packet associated 
to the tempered parameter <7 \E'. Moreover, <t tt v is locally generic for all places v. Now 
in a local L-packet of SO(2n + 1), there can be at most one generic representation by 
Jiang-Soudry |27| . Thus, a ir is the only member of its ^4-packet which could be globally 
generic. However, the theory of backward lifting |15| says that a tempered A-packet contains 
a globally generic cuspidal automorphic representation. Thus we conclude that a ir is a 
globally generic cohomological cuspidal representation □ 

Remark 9.2. We expect the above theorem to hold, with essentially the same proof, for 
all classical groups G, once Theorem 18. II (or its appropriate analog) is proved for general G. 

9.2. Gross-Prasad period. In this speculative final subsection, we consider the Gross- 
Prasad periods for the classical groups. To be concrete, let us consider the Gross-Prasad 
period for unitary groups. Thus, let us suppose the analog of Theorem 18.11 holds for (not 
necessarily quasi-split) unitary groups over the quadratic extension E/F. Let tt = tt\ M tt 2 
be a tempered cuspidal representation of G = U(n) x Xj(n — 1). Then a recent preprint of 
Wei Zhang |47] establishes the global Gross-Prasad conjecture under some local hypotheses. 
In particular, he shows that the period of tt over the diagonally embedded U(n — 1) is nozero 
if and only if 

L E (l,BC(ni)xBC(ir 2 ))^0. 
Here, BC(iTi) denotes the base change of TTi to GL(n) or GL(n — 1) over E, 

Assume now that tt is cohomological, say tt G Coh(G, fi). Suppose that tt has a nonvan- 
ishing period over the diagonally embedded U(n — 1), and that Honif;^.!^, C) ^ 0. Then 
by the analog of Theorem 18.11 and its corollary, one knows that CT 7r is also a cohomological 
cuspidal automorphic representation of U(n) x U(n — 1). Now one may apply the same 
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argument as in the proof of Theorem 16. II (with the hypotheses stated there) to deduce that 
a ir also has nonvanishing period over the diagonally embedded U(n — 1). We will perhaps 
leave the detailed treatment of this to a future occasion. 
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